We discuss a conjecture that the twisted transfer matrix of the six-vertex model at roots of unity with some discrete twist angles should have the sl(2) loop algebra symmetry. As an evidence of this conjecture, we show the following mathematical result on a subalgebra of the sl(2) loop algebra, which we call a Borel subalgebra: any given finite-dimensional highest weight representation of the Borel subalgebra is extended into that of the sl(2) loop algebra, if the parameters associated with it are nonzero. Thus, if operators commuting or anti-commuting with the twisted transfer matrix of the six-vertex model at roots of unity generate the Borel subalgebra, then they also generate the sl(2) loop algebra. The result should be useful for studying the connection of the sl(2) loop algebra symmetry to the Onsager algebra symmetry of the superintegrable chiral Potts model.
Introduction
Spectral properties of the XXZ spin chain under the twisted boundary conditions have attracted much attention in mathematical physics and condensed matter physics [1, 2, 3, 4, 5] . The XXZ Hamiltonian on a ring of L sites is given by
where σ α j (α = X, Y, Z) are the Pauli matrices defined on the jth site, and they satisfy the twisted boundary conditions:
We call the parameter φ the twist angle. When φ = 0, conditions (2) reduces to the periodic boundary conditions. We define parameter q by ∆ = (q + q −1 )/2. We also introduce twist parameter ϕ by q 2ϕ = exp(iφ) .
It has been shown that when q is a root of unity the XXZ spin chain under the periodic boundary conditions commutes with the sl 2 loop algebra, U (L(sl 2 )) [6] . (See also, [7, 8, 9, 10, 11] .) Through the similar derivation in terms of the Temperley-Lieb algebra as given in [6] , it was shown that the twisted XXZ spin chain at roots of unity commutes with the sl 2 loop algebra for φ = π, i.e. under the anti-periodic boundary conditions [12] . It was also shown that when q is a root of unity such as q 2N = 1 and ϕ is an integer, there exist some operators commuting or anti-commuting with the twisted transfer matrix of the six-vertex model [12] . Furthermore, it was pointed out by Korff that in some sectors such operators generate a subalgebra U (B 0 ) of the sl 2 loop algebra U (L(sl 2 )), which we call a Borel subalgebra [13] . Let x ± m and h n for m, n ∈ Z be the generators of the sl 2 loop algebra U (L(sl 2 )). Then, the Borel subalgebra U (B 0 ) is generated by the following operators: x + k , h k for k = 0, 1, . . . , and x − k for k = 1, 2, . . .. In the paper we show a mathematical result that every highest weight representation of the Borel subalgebra U (B 0 ) is extended into that of the sl 2 loop algebra if the parameters associated with the representation are nonzero. It follows from the result that if the twisted transfer matrix has the Borel subalgebra symmetry, then it has also the sl 2 loop algebra symmetry. We thus give a conjecture that the sl 2 loop algebra is generated by the operators constructed in [12] which commute or anti-commute with the twisted transfer matrix of the six-vertex model at roots of unity. Here we note that Benkart and Terwilliger have shown that the action of U (B 0 ) on a finite-dimensional irreducible U (B 0 ) module extends uniquely to an action of U q (L(sl 2 )) on it [14] . The mathematical result in the paper is new for reducible highest weight representations of U (B 0 ). We also discuss construction of generators of the Onsager algebra from a highest weight representation of the sl 2 loop algebra. The result should be useful for investigating the connection of the sl 2 loop algebra to the Onsager algebra symmetry of the super-integrable chiral Potts model [15] . Quite recently in an independent research [16] , eigenvectors of the superintegrable model associated with the superintegrable chiral Potts model have been studied by making use of the sl 2 loop algebra symmetry of some XXZ spin chain. They should be closely related to Ref. [15] , and some results of the present paper should also be relevant.
The content of the paper consists of the following: In section 2, we review the infinitedimensional symmetries of the twisted transfer matrix of the six-vertex model at roots of unity. In particular, we review operators commuting or anti-commuting with the twisted transfer matrix at roots of unity. In some sectors they generate the Borel subalgebra. In section 3, we show that any given highest weight representation of the Borel subalgebra is extended to that of the sl 2 loop algebra if the associated parameters are nonzero. In section 4, we summarize some results on the infinite-dimensional symmetry of the twisted transfer matrix of the six-vertex model at roots of unity, and then suggest a conjecture that the twisted transfer matrix of the six-vertex model at roots of unity should have the sl 2 loop algebra symmetry. In section 5 , we give a method for constructing a representation of the Onsager algebra from a finite-dimensional highest weight representation of the sl 2 algebra.
2 Infinite dimensional symmetry of the twisted XXZ spin chain
Definition of the twisted transfer matrix
In order to formulate the twisted transfer matrix of the six-vertex model, we review some formulas of the algebraic Bethe ansatz. The R matrix of the XXZ spin chain is defined by
where f (z − w) and g(z − w) are given by
We introduce L operators for the XXZ spin chain
Here I n and σ a n (n = 1, . . . , L) are acting on the nth vector space V n . We recall that σ ± denote σ + = E 12 and σ − = E 21 , and σ X , σ Y , σ Z the Pauli matrices. In terms of the R matrix and L operators, the Yang-Baxter equation is expressed as
We define the monodromy matrix
The monodromy matrix satisfies the Yang-Baxter equations
Let us denote the matrix elements of T (z) as follows:
The twisted transfer matrix τ 6V (z; ϕ) is defined by
The twisted Hamiltonian is given by the following logarithmic derivative:
Roots of unity conditions
Let us formulate roots of unity conditions explicitly as follows [12, 11] . 
for even L, and a half-integer for odd L. When S Z ± ϕ ≡ N/2 (mod N ), ϕ is given by a half-integer for even L, and an integer for odd L. Here we note that if the number of lattice sites L is given by an even integer, then S Z takes integral values, while if L is odd, S Z takes half-integral values.
Operators commuting with the twisted XXZ Hamiltonian
We now formulate operators commuting or anti-commuting with the twisted transfer matrix of the six-vertex model at roots of unity [12] . We introduce operators S ± j and T
We define S ± and T ± by
They are generators of the affine quantum group U q (ŝl (2)). Let us introduce the q-integer [n] and the q-factorial [m]!, respectively, by the following:
It is easy to show
The symbols S ±(N ) and T ±(N ) are defined in Ref. [6] by
Here we define (S ± ) (m) and (T ± ) (m) for all positive integers m by
Explicitly, we have (S ± ) (m) for any positive integer m as follows.
Let m and n be integers such that |m − n| = kN for some integer k. When q 0 is a root of unity with q 2N = 1, we have the following.
(1) In the sectors of S Z ≡ −ϕ + n(modN ), we have
Here we note that q N 0 = ±1 when q 0 is a root of unity with q 2N 0 = 1. Thus we have q m−n 0 = (±1) k . For simplicity, we have not considered the case when N is odd with q N 0 = 1 and
Examples
For an illustration, we consider the case of a root of unity where N = 3 (q 3 0 = 1) and L is even. Some of the operators commuting or anti-commuting with the twisted transfer matrix are given as follows.
They generate the sl 2 loop algebra [6] .
(1b) ϕ = 0 and S Z ≡ 1 (mod N ):
It is conjectured that they generate the sl 2 loop algebra [6] .
(1c) ϕ = 0 and S Z ≡ 2 (mod N ):
It is conjectured that they should generate the sl 2 loop algebra [6] .
(2a) ϕ = 1 and S Z ≡ 0 (mod N ):
(S − ) (3) and (T + ) (3) generate a Borel subalgebra [13] .
(2c) ϕ = 1 and
(S + ) (3) and (T − ) (3) generate a Borel subalgebra [13] .
(3a) ϕ = 2 and S Z ≡ 0 (mod N ):
(3b) ϕ = 1 and S Z ≡ 1 (mod N ):
(3c) ϕ = 1 and S Z ≡ 2 (mod N ):
3 Extension of the Borel subalgebra symmetry
We recall that the Borel subalgebra, U (B 0 ), is generated by the following operators:
They satisfy the defining relations given as follows:
Highest weight vectors and highest weight parameters
Let us define highest weight vectors of the Borel subalgebra U (B 0 ).
Definition 2. In a representation of U (B 0 ), we call a vector Ψ a highest weight vector if it is annihilated by all
x + k 's, i.e. x + k Ψ = 0 for k = 0, 1, . . .
, and is a simultaneous eigenvector of all
We call the set of eigenvalues d k the highest weight of Ψ. We call the representation generated by a highest weight vector Ψ, the highest weight representation of Ψ. We denote it by U (B 0 )Ψ. In 
We call the subspace of weight d 0 − 2n the sector of degree n. We can show proposition 5 through the following lemma [18, 10] .
Lemma 6. Let Ψ be a highest weight vector of U (B 0 ). We assume that x − 1 is nilpotent of degree r in U (B 0 )Ψ. Let us take a non-negative integer n satisfying n ≤ r. Then, for any set of positive integers, k 1 , . . . , k n , we have
Here, A k 1 ,...,kn is given by a complex number.
Let us denote by (X) (n) the nth power of operator X divided by the n factorial, i.e. (X) (n) = X/n!.
Here λ j are eigenvalues.
Proof. From the Poincaré-Birkhoff-Witt theorem of U (B 0 ), it follows that the sector of degree 0 in
Ψ is in the sector of degree 0 in U (B 0 )Ψ, it is proportional to the basis vector Ψ.
Let Ψ be a highest weight vector in a finite-dimensional representation of the Borel subalgebra U (B 0 ). We now introduce parameters expressing the highest weight of Ψ. We denote by λ = (λ 1 , . . . , λ r ) the sequence of eigenvalues λ k which are defined in eq. (21). Here we recall that in a finite-dimensional representation, x − 1 is nilpotent of some degree. We define a polynomial P λ (u) by the following relation [10] :
We call it the highest weight polynomial of Ψ. Let us factorize polynomial P λ (u) as follows
where a 1 , a 2 , . . . , a s are distinct, and their multiplicities are given by m 1 , m 2 , . . . , m s , respectively. We denote by a the sequence of s parameters a j : a = (a 1 , a 2 , . . . , a s ).
Here we note that r is equal to the sum of multiplicities m j : r = m 1 + · · · + m s . We define parametersâ i for i = 1, 2, . . . , r, as follows.
Then, the set {â j |j = 1, 2, . . . , r} corresponds to the set of parameters a j with multiplicities m j for j = 1, 2, . . . , s. We denote byâ the sequence of r parametersâ i :
We call parametersâ i the highest weight parameters of Ψ. It follows from the definition of highest weight polynomial P λ (u) given by (22) and that of highest weight parameters (23) that we have
If the highest weight parameters are nonzero, we defineλ n for n = 0, 1, . . . , r bȳ
We remark that we may call the highest weight polynomial of Ψ and the highest weight parameters of Ψ the loop-highest weight polynomial of Ψ and the loop-highest weight parameters of Ψ, respectively [19] .
Borel subalgebra generators with parameters
Let α denote a finite sequence of complex parameters such as α = (α 1 , α 2 , . . . , α n ). We define generators with n parameters, x ± m (α) and h m (α), as follows [10, 17, 18 ]:
Here, in the case of the Borel subalgebra U (B 0 ), we define x + m (α) and h m (α) for m ≥ n ≥ 0, and x − m (α) for m > n ≥ 0.
Let α and β be arbitrary sequences of n and p parameters, respectively. Here we have n, p ≥ 0. In terms of generators with parameters we express the defining relations of the Borel subalgebra as follows:
for ℓ ≥ n and m > p, and
for ℓ ≥ n and m ≥ p, Here the symbol αβ denotes the composite sequence of α and β: 
Proof. Following the Poincaré-Birkhoff-Witt theorem, one can show that every vector in the sector of degree n of U (B 0 )Ψ is expressed as a linear combination of monomial vectors x
It is easy to show (33). By induction on n, we can show (34), and then (35).
Recurrence relations
Let us denote by B + 0 such a subalgebra of U (B 0 ) that is generated by x + k for k ∈ Z ≥0 . Similary as the case of the sl 2 loop algebra [10] , we can show the following:
Lemma 9. The following recurrence relations hold for n ∈ Z ≥0 :
for m ≤ n and j ∈ Z ≥0 .
Proposition 10 (Reduction relations).
Proof. Reduction relation (36) for m = 0 is derived from (A r+1 ) of lemma 9 and lemma 7. Applying h n for n ≥ 0 to reduction relation (36) for m = 0, we have reduction relation (36) for m = n. Applying x + 0 to (36) from the left, we derive relations (37). Proof. It follows from lemma 8 and reduction relations (36).
A theorem on the Borel subalgebra
We first recall a simple fact in linear algebra. Let x n for n = 0, 1, . . . , be an infinite sequence of numbers satisfying a linear recurrence relation:
We denote by x n = t (x n+1 , . . . , x n+r ) Then, for any integer n, there exists a matrix A [n] such that
Furtheremore, we have for any m the following: 
whereλ j are given byλ
We also define x ± −ℓ and h −ℓ for ℓ ∈ Z >0 by
Then, they satisfy the defining relations of the sl 2 loop algebra in the highest weight representation U (B 0 )Ψ.
Proof. If a set of operators x + j , h k for j = 0, 1, . . ., and x − k for k = 1, 2, . . . , satisfy the defining relations of the Borel subalgebra, then the set operators with h 0 being replaced byh 0 also satisfy the defining relations (19) . We can also show that x − 0 satisfies the defining relations (19) . Making use of corollary 11, we can show [x + m , x
Here we express h −ℓ and x ± m in terms of linear combinations of h j and x ± j for j = 1, 2, . . . , r. We calculate commutation relations among h j and x ± k for j, k = 1, 2, . . . , r, and then show the defining relations through (40). For an illustration, we show [
as follows.
[
Similary, we can show [x
We note that in a finite-dimensional representation of the Borel subalgebra, the highest weight d 0 is not necessarily given by an integer.
We should note that Benkart and Terwilliger (2004) have shown that an irreducible finite-dimensional representation of the Borel subalgebra is extended uniquely to an irreducible representation of the sl 2 loop algebra [14] . Thus, if the highest weight representation is irreducible, then theorem 12 should be equivalent to the result [14] . Here we recall that an irreducibility criterion is known for a finite-dimensional highest weight representation of the Borel algebra with nonzero highest weight parameters as follows [18] 
where µ k (k = 1, 2, . . . , s) are given by
Thus, in a finite-dimensional highest weight representation of U (B 0 ), if the highest weight vector satisfies the condition (44), it is irreducible and we can also show by making use of the result of Ref. [14] that it is extended into a finite-dimensional highest weight representation of the sl 2 loop algebra. We briefly discuss some important points of the infinite-dimensional symmetry of the twisted XXZ spin chain at roots of unity. Some details will be given elsewhere.
For the periodic XXZ spin chain at a root of unity q 0 with q 2N 0 = 1, Fabricius and McCoy conjectured [9] that every Bethe state should be a highest weight vector of the sl 2 loop algebra. Then, it has been explicitly proved for some sectors of S Z mod N [11] that every regular Bethe state is a highest weight vector of the sl 2 loop algebra. For the twisted XXZ spin chain, we can also show in some sectors of S Z mod N that every regular Bethe state is highest weight with respect to the Borel subalgebra U (B 0 ).
Let us denote by t 1 , t 2 , . . . , t R solutions of the twisted BA equations
Here a 6V (z) and d 6V (z) are given by
We recall that function f (z − w) is given by
and q = exp(2η). 
Here |0 denotes the vacuum state in which all spins are up.
We recall the following conjecture [11] . 
The proof of theorem 16 will be given in a different paper.
Derivation of the degree of nilpotency for
Let us assume that a regular Bethe state |R of the twisted XXZ spin chain is in such a sector of S Z where theorem 16 holds, i.e. |R is a highest weight vector of U (B 0 ). For a highest weight representation of U (B 0 ) generated by |R , it follows from the finite dimensionality that x − 1 is nilpotent. Lett 1 ,t 2 , . . . ,t R be such a set of regular Bethe roots at a root of unity q 0 with q 2N 0 = 1 that leads to the regular Bethe state |R . Let us define η 0 by q = exp 2η 0 . We now introduce the following function:
It follows from the twisted Bethe ansatz equations (45) that Y (v; ϕ) is a Laurent polynomial of exp 2N v. Here we recall that when ϕ = 0 it is nothing but the polynomial introduced by Fabricius and McCoy for the XXZ spin chain at roots of unity under the periodic boundary conditions [9, 11] .
Making use of the Laurent polynomial Y (v; ϕ), we can show the following. Let us consider a regular Bethe state |R in such a sector of S Z where we have S Z ±ϕ ≡ 0 (mod N ). It follows from theorem 12 and proposition 17 that the highest weight representation generated by any given regular Bethe state in a sector of S Z ± ϕ ≡ 0 (mod N ) extends to a highest weight representation of the sl 2 loop algebra. Thus, the Borel subalgebra symmetry of the twisted XXZ spin chain is extended to the sl 2 loop algebra symmetry. 
We remark that Davies has shown that if generators A n satisfy a linear recurrence relation n k=−n γ k A k−n = 0 ,
then they are expressed in terms of the generators of sl 2 as follows [22] :
Here e 
Let α denote a finite sequence of complex parameters such as α = (α 1 , α 2 , . . . , α ℓ ).
Similarly as (29), we define generators with ℓ parameters, A m (α) and G m (α), as follows: 
Let Ω be a highest weight vector in a finite-dimensional representation of the sl 2 loop algebra, U (L(sl 2 )). We define operators A m and G k in terms of generators x ± m and h k of U (L(sl 2 )) by
Then, operators A m and G k satisfy the defining relations of the Onsager algebra. Furthermore, we can show recurrence relations of A m 's. In Ref. [15] , the sl 2 loop algebra symmetry is derived for a spin-N/2 fusion model of the six-vertex model at q 0 being an N th root of unity, which is associated with the superintegrable chiral Potts model. From the representations of the sl 2 loop algebra derived from the fusion model, we can thus construct representations of the Onsager algebra. Then, through proposition 19, we derive recurrence relations for generators of the Onsager algebra. It should thus be an interesting problem to discuss connections to the Onsager algebra symmetry of the Z N symmetric Hamiltonian given by von Gehlen and Rittenberg. We shall discuss them elsewhere.
